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-»«. ■ Abstract 

The spaces of differential operators acting on skewsymmetric ten- 
sor fields or on smooth forms of a smooth manifold are representations 
of its Lie algebra of vector fields. We compute the first cohomology 
spaces of these representations and show how they are related to the 
^ ' cohomology with coefficients in the space of smooth functions of the 

■ manifold. 

1 Introduction 

In this paper, we will compute the first cohomology spaces of the Lie 
algebra of vector fields of a smooth manifold with coefficients in the 
space of linear differential operators acting on contravariant skewsym- 
metric tensor fields or on differential forms of the manifold. 



1 



As we shall explain in more details below, we show that these 
spaces are generated by cohomology classes canonically constructed 
out of the cohomology of the Lie algebra of vector fields acting on the 
space of smooth functions (the latter is computed in 

Our computation is the first step towards the study of the defor- 
mations of the considered modules. Using the results of the present 
paper, the miniversal deformation has been computed in [0] in the 
case of forms. It is shown that it is equivalent to the infinitesimal one, 
a less rich situation than that of the symmetric case. 

We will follow mostly the same strategy than in j/J , where the oper- 
ators act on symmetric contravariant tensor fields instead on skewsym- 
metric tensor fields. The method goes as follows. One studies the lo- 
cality of 0- and 1-cocycles. One then performs the computation when 
M = ]R m and then extend it to arbitrary M by some standard glu- 
ing arguments. When M = IR m , we filter the cohomology with the 
projective embbeding sl m+ \ of sl{m + 1,H) as a Lie subalgebra of 
Veci(IR m ). This allows to use the results of Q. We then extend to 
the whole algebra of vector fields using relative cohomology. 

As far as local computations are concerned, the calculations are 
essentially the same for the two representations we are dealing with. 
Therefore, we detail explicitely only the case of contravariant skewsym- 
metric tensor fields, indicating just how the results adapt for the dif- 
ferential forms. 

The computations are valid for manifolds of dimension at least 2. 

2 Definitions - Notations 

a) Let M be a connected, second countable Hausdorff manifold of 
class C°°. Denote by Vect(M), A(M) and J2(M), the Lie algebra 
of smooth vector fields, the space of smooth skewsymmetric tensor 
fields and that of smooth forms of M respectively. The space A(M) is 
graded by the tensor degree: A(M) = i A l (M). Each homogeneous 
component is a representation of Vect(M) that acts on it by Lie deriva- 
tive. Similarly, we consider Q(M) = 0^ f2j(M) as a graded module of 
Vect(M), the gradings being induced by the degree of forms. 

For any two spaces of sections £ and J- of vector bundles over 
M, we denote by V k [£,T) the space of fcth-order linear differential 
operators from £ into J-. This gives a filtration of the space T>(£ , J-) = 
\J k T> k (£, J 7 ) of all linear differential operators from £ into T . If £ = J- 
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then we will often write simply V k {£) and T>(£) instead of V k (£,T) 
and V{£,T) respectively. 

If Vect(M) acts on £ and JF, then it also acts on T>{£, J 7 ) in the 
standard way 

L X A = L x ° A - Ao L x - 

In most of the cases, this actions also preserves the nitrations. It is 
the case when £ and T are one of the representations A(M) or Q(M). 

Our goal is to compute the spaces W{Vect{M), V k (A p (M), A q (M))) 
and H i (Vect(M),V k (p, p (M), (l q (M))), i = 0, 1. 

b) Recall that, on IR m , any linear fcth-order differential operator can 
be writen under the form 

r<k ii—ir 

where A h '" ir belongs to C°°(IR m , V*®W), V and W being the typical 
fibers of the bundles of which the arguments and the values of the 
operator are sections. Moreover 

_d_ d 

n '" v dx 11 dx lr 

acts on C°°(IR Tra , V) by ordinary partial derivatives. 

In typical situations, V and W are representations of gl(m, IR) and 
the corresponding Lie derivative of Vect(JR m ) on C°°(IR m , V) is just 
given by 

L x f = X.f - p(DX)f. 

(Here, X.f is the usual derivative of / in the direction of X, DX is 
the Jacobian matrix of X and p denotes the action of gl(m, IR) on V '.) 

c) The Lie algebra sl(m + 1,H) of matrices of vanishing trace, has 
a decomposition of the shape : 

m™0<7Z(m,]R)0]R™* 

where for h G IR m and a € IR m *, the braket is given by [h, a] = 
a(h)l + /i® a, the other brackets are the obvious one. This decom- 
position gives sl(m + 1,M) a structure of graded Lie algebra where 
IR m , (7/(771, IR) and IR m * are the homogeneous components of degree 
— 1, and 1 respectively. We can realize sl(m + l,TR) as a subalgebra 
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of Vect(Ki n ) where the vector fields associated to h = (h % ) G IR m , 
A = (Aj) G gl(m, TR) and a = (an) € IR" 1 * are respectively 

h* = -h%, A* = -A)x j di and a* = a(x)x i d i 

For the sake of brevity, we denote s£ m +i the above realization of sl(m+ 
1,B). 

We will need the following result, taken from Q. Let the map 
X : A(gl(m, IR), A(IR m *, V)) -> A(«U, Coa(B m , V)) 
be given by 
(Xo, . . . , X t+U _i) — > 

tJ[S)" Tn, sign(v)(rr(DX^,. . . , DX^dt^DX^), dt^DX^,))). 
Then 

Theorem 2.1 XYie map induced in cohomology 

Xi : H(gl(m,M),AOR m *,V)) - (^(IR™, V)) 

is a bisection. 

3 The space H k {sl m+h £>(A p (IR m ), A ? (IR m ))) 

To compute that cohomology space, we proceed by induction on k, 
like in || , using the short exact sequence 

-> X> fe ~ 1 (A p , A 9 ) A P fc (A p , A 9 ) A 5 fc (A p , A 9 ) -> 
that induces an exact triangle 

H(sl m+1 ,V k ~ l (NP,^)) 

\ H 

9] H(sl m+1 ,V k (AP,^)) (1) 

/ ^ 

tf(sZ m+ i,S fc (A p ,A 9 )) 

To simplify the notations, we have replaced A*(IR m ) by A*. Moreover, 
we denote by 5 fc (A p , A 9 ) the space 

(7°°(]R m , V fe IR m ® A p IR m * ® A 9 IR m ) 
4 



of fc-symmetric contravariant tensor fields valued in Hom(A p ,A q ), 
which is isomorphic to the space of principal symbols of T> k (A p ,A q ). 
The map 9 is the induced connecting homomorphism; it is of degree 
1 i- 

Proposition 3.1 a)If k > 2 or if p < q then H(sl m+1 , S k (A p , A 9 )) = 
0. 

b) The space -ff(sZ m _|_i, <S"(A P , A 9 )) is isomorphic to (Agl(m,JR 1 )*)g—i nv . 

c) The space H(sl m +i,S 1 (A p 1 A 9 )) is isomorphic to (Agl(m,JR)*) g ^i nv 
if P > Q an d is vanishing if p = q. 



Proof. It follows from Theorem 2T that, if it is not vanishing, the 
space H u (sl m +i, S k (A p , A 9 )) is isomorphic to 

H u ~ p+q+k (gl{m, M), A p - q - k (M m *, V)), 

where V = \/ k JR m ® A p M m * ® A q M m is equipped with the canonical 
action of gl(m,Wi). By Q, Proposition 4.3, 

H u - p+q+k {gl{m, JR), A p ~ q ~ k (TR m * ,V)) = 
(A u - p+q+k gl(m, TR)*) g - inv ®(A p - q ~ k (JR m *, V)) s . inv 

where g — inv and s — inv denotes the invariant elements with re- 
spect to gl(m,TR) and sl(m,JR) respectively. It follows then easily 
from the theory of invariants of classical groups (see e.g. ||) that 
(A p ~ 9_fc (IR m *, V)) s -inv is non vanishing only if k = or k = 1. In 
both cases, it is 1-dimensional. It is spanned by the mapping 

I : (at, . . . , a p _ q ) h-> (T >->• i ai ■ ■ ■ i ap _T) 

in the first case and by 

h : (ai, . . . , a p _ g _i) 1 ► (T i > i v i ai ■ ■ ■ i^^T) 

in the second case. (Here, we view an element of V as being an 
homogeneous polynomial of degree k in r\ € IR m * valued in the space of 
linear mappings from A p IR m into A 9 IR m .) The result then immediately 
follows. 

Lemma 3.2 Assume that k = 1 andp > q and identify the source and 
target of the connecting homomorphism in with (Agl(m, IR)*) g _j nt) . 
One has 

0( 7 ) = (-1) |7| CP- q+ l)(m+ 1)7, V 7 G (A 5 /(m, M)*) fl _ in „. 
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Proof, (sketch) Let 7 <E (A a gl(m,M)*) g 

—inv be given. According to 
the above proof, the coboundary dx{^®I\) of x(7®-Tl) is of the form 
x(V ® ^0) an d we have to show that 7' = (— l) a (p — q + l)(m + 1)7. 
Set b = p — q. Since 

X(V ® JoX^o, • • • , ^a-l> «Cb ■••,«&) = 7' (A), • • • , A a _i)/ (a , ...,«&) 
where 7' and Jo have constant coefficient, it suffices to compute 

9x(l ® ^l)(-4o, ■ ■ ■ > ^a-l. «0) • • • > a *b)\ x=0 ( 2 ) 

Recall that the coboundary {8c)(Xq, . . . , Xt) writes 

Y,(-lTLxAXo, ...,Xi,.. . ,X t )+Y / (-l) i+J c([X i ,X j ], ...,Xi,...,Xj,.. .). 

i i<j 

One easily sees that, in (|2|), the terms corresponding to the second 
sum are vanishing as well as, in the first sum, these for which X{ is 
one of the A!j. One is thus left to evaluate 

Ei(-I) a+ ^X(7 ® h)(A* , A* a _,, a* , ....n; a 6 *) u=0 = 

(-l) a 7 (A), • • • , Ei(-l)%^iK, a* b ). 

A direct computation shows that 

(-l) l L a *Ii(al, . . . , a*, . . . , al)\ x=0 = (m + l)/ (ao, ■ • • ,«&)• 

Hence the Lemma. 



The next theorem imediately follows from Proposition 3.1 and 



Lemma 3.2 



Theorem 3.3 One has 

(a) Ifp < q, then H(sl m j r i,T> k (A p , A 9 )) = for all k. 

(b) If p = q, then the spaces H(sl m+1 ,V k (A p ,A q )), k > 0, and 
H(sl m+ i,V(A p , A q )) are isomorphic to A(gl(m,fR)*) g -i nv . 

(c) Ifp > q, then H{sl m +\, P°(A P , A 9 )) is isomorphic to A(gl(m, TR)*) g -i nv ; 
the spaces H(sl m+1 , V k (A p , A q )), k > 1, and H(sl m+1 , V(A P , A 9 )) are 
vanishing. 

In particular 



H 1 (sl m+ i,'D(A p , A 9 )) 



IR ifp = q 

otherwise 
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4 The space H°{Vect(M),V k {AP{M), A q (M))) 

We use the notations of Section The dimension of the manifold M 
is at least 2. 



Theorem 4.1 For every k > 0, one has 
H°(Vect(M),V k {A p {M), A q {M))) 



IR ifp = q 
otherwise 



Proof. Let T € V k (A p (M), A q (M) be yect(M)-equivariant. It is a 
local map. Indeed, assume that T € A P (M) vanishes on some open 
subset of M and let a be an arbitray point of that subset. According to 
Q, there exist finitely many vector fields Aj and tensors Tj vanishing 
in a neighborhood of a such that 

T = J2 Lx i Ti - 

Therefore 

T{T) = Y J L Xi {T{T i )) 

vanishes in that neighborhood. Hence, T is local. It follows from 
a well known theorem of Peetre that the restriction of T over any 
relatively compact domain of chart U of M is a differential operator. 



It is moreover s/ m+ i-equivariant. Applying theorem 2.1, we see that 
T\jj vanishes if p ^ q or is some constant multiple kjj of the identity 
otherwise. Clearly, M being conneced, kjj is independant of U. The 
result then follows immediately. 



5 The space H 1 (Vect(M),V k (AP(M), A q (M))) 

We use again the notations of Section |2[ The dimension of the mani- 
fold M is at least 2. 

Theorem 5.1 One has 

(a) For each q>0, H 1 (V ect(M) ,T>° (A q+1 (M) , A q (M))) = IR. 

(b) For each p,k > 0, H 1 (Vect(M),V k (A p (M), A P (M))) = IR © 
Hh R (M). 

(c) In the other cases, H 1 (Vect(M),V k (A p (M), A q (M))) = 0. 



7 



Proof, (sketch) Let c : Vect(M) -» V k (A p (M), A q (M)) be a 1- 
cocycle. A straightforward adaptation of the argument of Q, p. 98, 
shows that it is a local map. As above for 0-cocycle, we first determine 
its restriction c\u over a relatively compact domain of chart U of M. 
It is of course a 1-cocycle of the embedding sl m+ \ associated to 



the chart. From Theorem |2.1| , the restriction of cm to sZ m +i is of the 
form 

X — > 36(7 if p < g or if p > q and > 0, 

X ^ ru tiDX + dbu(X) i£p = q, (3) 
A" -> ruL dtrDX + dbjj(X) if p > q and = 0, 

for some 6j/ € V k (A p (U), A q (U)) and some constant r^/. In each case, 
that mapping extends to the algebra Vect(U) as a 1-cocycle of that 
algebra in an obvious way. Substrating it from cm, we are left with a 
1-cocycle of Vect(U) that vanishes on sl m+ i. 

As a mapping from Vect(U) x A P (U) into A g (U), such a cocycle 
is a s/ m +i-equivariant differential operator. It follows first that it has 
constant coefficients and that it is gl(m, IR)-equivariant. As easily 
seen, this, together with the fact that it vanishes on sZ m +i, implies 
that it is in fact equal to 0. This means that cm is of the form (pi) 



over the whole Vect(U). In other words, Theorem 5A_ is proven when 
M = IR m . A simple adaptation of the argument of 0] allows to extend 
it to M. Hence the theorem. 

Let us describe some generators of the cohomology space 
H 1 (Vect(M),V k (A p (M),A q (M))). 
There is a canocical map 

H\Vect(M),C°°(M)) -> H 1 (V ect(M) ,V k (A p (M) , A P (M))). 
It is induced by the map c i— > c.id at the level of cocycles. From (6) of 



Theorem 5.1, we see that it is an isomorphism. There is also a map 



H 1 (Vect(M),C 00 (M)) H 1 (Vect(M),T> k (A q+1 (M), A q (M))), 

induced by the correspondance that maps a C°°(M)-valued cocycle c 
onto the cocycle 

X £ Vect(M) ^ i{dc{X)) G V k (A q+1 (M), A q (M))). (4) 
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Due to the formula 



this cocycle is a coboudary when c is a closed 1-form £, so that the map 
induced in cohomology could only be non trivial on the component 1R 
of H 1 (Vect(M), C°°(M)), that is spanned by any divergence operator. 
It follows from the above theorem that it is only non trivial for k = 0. 
This means that the cocycle (||) is the coboudary of a differential 
operator of order at least 1. Let us show directly that it is indeed 
the case. Let c be any C°° (M)-valued cocycle of Vect(M) of order 1. 
There exists an atlas of M in each chart (U, ip) of which 

c(X) = rtv(DX), VX G Vect{M), 

for some nonzero real number r, independant of the chart. As easily 
seen, X \— > rtr(DX) is the coboudary of the map 



Due to Theorem 4.1, this map doesn't depend on the chart (U, tp): 
it is the restriction on U of a globally defined map of which c is the 
coboundary. 



6 Cohomology with coefficients in V k (Q p (M), Q q (M)) 

In this section, we describe the two first cohomology spaces of Vect(M) 
acting by Lie derivatives on the space of differential operators from 
the space Q p (M) of smooth p- forms into Q q (M). We will not give 
the details of the computation, just pointing out a few remarks. It is 
indeed exactly taylored on the same scheme than the above calculation 
and most of it is a straight adaptation of what we have done up to 
here. 

We first assume that M = !R m and filter by the subalgebra sl m+ \. 
We use again the short exact sequence associated to the order k of 
differentiation to get an exact triangle analoguous to (0). At this 
stage, it is worth noticing that 

H(sl m+l , S k (Af, A 9 )) = H(sl m+1 , S k (Cl q , J2p)). 

Indeed, both are computed via Theorem |2.1| whith the representation 
V equal to V pq = V fe lR m ® A p IR m * ® A q TR m for the lhs and V qp for the 
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rhs. In particular, the rhs is vanishing for k > 1. Moreover, the space 
(A«-P- k 0R m *,V qp )) s ^ inv is generated by 

J : (qi, . . . , a q - p ) h(wh(i 1 A...A a g _ p A a>) 

for k = and by 

Ji : . . . , a q ^ p ) i— > (cj i— > rj A Qi A . . . A a g _ p A u) 

for k = 1. In the latter case, one still has to compute the connecting 
homomorphism 9. This is more easy than in the contravariant case 
and one finds that it vanishes. This leads to the following result. 

Theorem 6.1 One has, replacing Q*(JR m ) by Q* for simplicity, 

(a) Ifp> q, then H(sl m+1 , V k (n p , = for all k. 

(b) If p = q, then the spaces H(sl m+ i,V k (Q p ,Q q )), k > 0, and 
H(sl m+ i,T)(£l p ,Q q )) are isomorphic to A(gl(m,JR)*) g -i nv . 

(c) Ifp < q, then H(sl m +i, V°(VL P , £l q )) is isomorphic to A(gl(m,TR)*) g -i nv ; 
the spaces H(sl m+1 ,V k {n p ,fl q )), k>\, and H(sl m+1 ,V(n p ,fl q )) are 
isomorphic to A(gl(m,JR)*) g -i nv © A(gl(m, JR)*) g -i nv . 

In particular 

!JR if p = q or q = p + 2 
JR 2 ifq = p+l 
otherwise 

The space H l (sl m +\, T>(Q, P , O 9 )) is generated by the classes of the 
cocycles defined by cq(X) : u \— > tv(DX)uj, coi(X) : u i— > tv{DX)duo, 
cio(X) : u i-> dtv(DX) A uj and c 2 (X) : u i-> dtv(DX) A dw. 

These cocycles extend to the algebra Vect(JR m ) and, as in the con- 
travariant case, one sees that they generate the space H 1 (Vect(JR m ) ,T>(il p , Q q ))- 

One goes from IR m to the arbitrary manifold M (still of dimen- 
sion at least 2) in the same way than in the contravariant case either. 
The result is thus stated below whithout proof. It can be again in- 
terpreted using the cohomology of Vect(M) acting on C°°(M), as 
follows: a 1-cocycle 7 : Vect(M) — > C°°(M) leads to four cocycles of 
our cohomology, namely these given by 

q=p : -y(X)oo 

q = p + 1 : j(X)cLu 

q=p+l : d(j(X))Au 

q=p + 2 : d(j{x)) A du 
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One easily sees that if a closed l-form is added to 7, then the 
cohomology class of the last two cocycles is not modified. This is not 
the case for the two first. More precisely, we can state 

Theorem 6.2 One has 

(a) For each q,k > 0, H 1 (Vect(M),V k (n q (M), fi,(M))) = TR © 
Hh R (M). 

(b) For each q > 0, H 1 (Vect(M),V°(Q q (M), O g _i(M))) = IR. 

f C J For eac/i g, A; > 0, H 1 (Vect{M),V k (Q q (M), fi,_ a (M))) = M 2 

For eac/i g > 1, fc > 0, ^(VectCM), V k (fl q (M), O g _ 2 (M))) = M. 
fej 7n t/ie oi/ier cases, JT 1 (V'eci(M), D fe (O p (M), fl q (M))) is vanishing. 

Applying the previous results, we could also compute the 0-cohomology 
space of Vect(M) acting on at least that of the complex 

of local cochains. It's trivial to see that a yect(M)-equivariant oper- 
ators from O(M) into 9 (M) is local when q > 0. This is not true 
for q = (one can integrate forms of maximum degree, at least if M 
is oriented). This would give back well known results so that we 
will not achieve these additional computations. 
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